
A moving-grid approach for fluid-structure interaction
problems with hybrid lattice Boltzmann method

G. Di Ilioa,∗, D. Chiappinia, S. Ubertinib, G. Bellac, S. Succid

aUniversity of Rome ’Niccolò Cusano’, Via don Carlo Gnocchi 3, 00166, Rome, Italy
bUniversity of Tuscia, Largo dell’Università snc, 01100, Viterbo, Italy

cUniversity of Rome ’Tor Vergata’, Via del Politecnico 1, 00133, Rome, Italy
dIstituto Applicazioni Calcolo, CNR, Via dei Taurini 19, 00185, Rome, Italy

Abstract
In this paper, we propose a hybrid lattice Boltzmann method (HLBM) for
solving fluid-structure interaction problems. The proposed numerical ap-
proach is applied to model the flow induced by a vibrating thin lamina sub-
merged in a viscous quiescent fluid. The hydrodynamic force exerted by the
fluid on the solid body is described by means of a complex hydrodynamic
function, whose real and imaginary parts are determined via parametric anal-
ysis. Numerical results are validated by comparison with those from other
numerical as well as experimental works available in literature. The proposed
hybrid approach enhances the capability of lattice Boltzmann methods to
solve fluid dynamic problems involving moving geometries.
Keywords: Hybrid lattice Boltzmann method; hydrodynamic function;
fluid-structure interaction; moving grids.

1. Introduction

During the last decades an increasing attention has been addressed to
model fluid-structure interaction (FSI) problems where the mutual actions
played in between a viscous fluid and an immersed object determine the evo-
lution of both fluid and solid motion. One of the most studied test-case is the
oscillation of a lamina into a quiescent fluid, which may have practical appli-
cations in several technical branches, such as atomic force microscopy [1, 2],
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sensors and actuators based on micro-mechanical oscillators [3, 4, 5, 6], cool-
ing devices for electronics [7], underwater propulsion [8, 9, 10], micro-electro-
mechanical systems [11, 12] and energy harvesting through smart materials
[13, 14].
Due to the large interest on this class of problems, several experiments as well
as numerical studies have been carried out in order to characterize the be-
havior of such a system and predict the forces exerted on the structure by the
fluid. Interactions between the fluid and the structure are commonly treated
in terms of added mass and hydrodynamic damping. These components may
act both in-phase and out-of-phase with respect to the acceleration of the
oscillating body.
The works available in literature span a wide range of Reynolds numbers
and oscillation amplitudes. In particular, such analyses concern very low
Reynolds number (Stokes flow regime), where the inertial effects are ne-
glected [15], as well as high frequency/high oscillations regimes, where non
linearities and second order effects play a significant role in force exchange
process [16].
The effects due to the oscillatory motion of objects submerged in a fluid are
typically described by means of the Keulegan-Carpenter (KC) number, which
is a non-dimensional quantity defined as the ratio between the oscillation am-
plitude and the characteristic length of the body (usually the cross-section),
multiplied by 2π. Therefore, the low Reynolds number regime corresponds
to the limit of KC→ 0. This case has been firstly studied by Stokes [17]
and Tuck [15], who analyzed it numerically through linearized Navier-Stokes
equations for small amplitude oscillations. By adopting a boundary integral
formulation for the stream function, Tuck determined the numerical solution
for the hydrodynamic load on rigid bodies of different geometries submerged
in an unbounded fluid. Approaches similar to [15] were also employed in [18]
to study the effects of the presence of a solid surface in the proximity of the
oscillating lamina, and in [19], where the case of a vibrating lamina under a
free-surface is studied. Under the same assumption of infinitely small ampli-
tude oscillations, Sader [20] presented a detailed theoretical analysis of the
frequency response of a cantilever beam immersed in a viscous unbounded
fluid and excited by an arbitrary driving force. In his work, he provided a
mathematical practical formulation of that FSI problem, by introducing a
complex hydrodynamic function, whose real and imaginary parts correspond
to the added mass and the viscous damping, respectively, acting on the os-
cillating body.
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The findings obtained in all of the aforementioned studies are valid for values
of KC close to zero. However, at higher KC, vortex shedding and convective
effects become predominant and start to dominate the fluid flow phenom-
ena. Therefore, for these cases, the simplified approaches based on linearized
Navier-Stokes equations is no more valid. In order to cope with this issues,
many experimental tests have been carried out and several numerical models
have been proposed. Aureli and Porfiri [21] and Bidkar et al. [22] studied the
nonlinear vibrations of cantilever beams of rectangular cross-section undergo-
ing large amplitude oscillations. In a recent work, Aureli et al. [23] extended
the validity of the classical hydrodynamic function developed for small ampli-
tude oscillation by providing a correction which takes into account nonlinear
effects. Their results were obtained via computational analyses and validated
by comparison with an ad hoc designed experimental study. More recently,
Tafuni and Sahin have presented results obtained through Smoothed Particle
Hydrodynamics for the case of a lamina undergoing large amplitude oscilla-
tions in unbounded domain [24] and under a free-surface [25]. In particular, in
[24] the authors propose a novel formulation for the hydrodynamic function.
Some works concerning vibration of laminae in viscous fluids were also per-
formed with lattice Boltzmann methods (LBMs) [26, 27, 28, 29, 30, 31, 32].
Focusing on LBMs, previous works have been developed within the frame-
work of standard schemes, based on the Bhatnagar-Gross-Krook approxima-
tion (LBGK) on regular cartesian grids. In particular, Falcucci et al. [33]
were the first studying this kind of problem with a LBM and they proposed
an innovative refill procedure for the lattice sites in the proximity of the os-
cillating lamina. Although the presented method was proven to represent
satisfactorily the fluid flow physics, the numerical prediction of the hydro-
dynamic forces slightly overestimates literature results. Further, a combined
lattice Boltzmann and finite element method for FSI problems has been pro-
posed by De Rosis et al. [34]. In [35], the same authors presented a coupled
lattice Boltzmann-finite element approach with immersed boundary method
(IB-LBM). They later applied such a method to the case of a thin lamina in a
quiescent viscous fluid [36]. Their results show a significant improvement, in
terms of accuracy, in the prediction of the hydrodynamic load acting on the
lamina, with respect to the previous lattice Boltzmann simulations. In Shi
and Sader [37], an ad-hoc LBM implementation was developed to analyze
harmonic oscillatory Stokes flows in the frequency domain. The proposed
method was validated by simulating the one-dimensional oscillatory Couette
flow between two plates, the two-dimensional flow generated by an oscillat-
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ing circular cylinder and the three-dimensional flow induced by an oscillating
sphere. Moreover, Colosqui et al. [38] investigated on the high-frequency os-
cillations of electromechanical resonators operating in gaseous media, and
they obtained a good agreement with experimental observations.
In order to enhance the capability of the lattice Boltzmann method to simu-
late FSI problems, we propose an extension of the hybrid lattice Boltzmann
method [39, 40] to moving grids (MG-HLBM). In this method, the region
around the body is treated by means of a finite-volume LB scheme, while
the outer domain is solved via a traditional LBGK approach on structured
cartesian grid.
The benefits deriving from HLBM have been already shown in a recent work
[39]. Here, we explore the capabilities of such a method to deal with moving
unstructured grids into a fixed Cartesian domain. The results are compared
with those available in literature, showing a good agreement and a significant
improvement with respect to previous works using original LBM implementa-
tion. Such an improvement is mainly due to two reasons. First, the proposed
moving-grid approach allows an efficient mesh refinement. The local refine-
ment, which is realized by means of an unstructured grid and is applied in the
proximity of the solid body, follows the motion of the object. This leads to a
computationally efficient and accurate method, since the outer fixed domain
can be represented by a course mesh, while the solid geometry is described
by a fine mesh. This feature of the MG-HLBM represents an advantage with
respect to the numerical methods based on a fixed mesh, which are, in gen-
eral, computationally expensive, since they require a dynamical re-meshing
to capture accurately the flow physics around the moving object. Second, the
presence of an unstructured halo in the surrounding of the oscillating lamina
allows an accurate evaluation of the forces, since computational nodes are
located on the real body surface. This prevents from the implementation of
error-prone interpolation strategies.
The work is organized as follow. In Sec. 2 the characteristic parameters for
the problem under study are provided. In Sec. 3 we briefly recall the key
points of the HLBM and the fundamental equations. In Sec. 4 the refill
procedure for the lattice nodes in the proximity of the oscillating lamina is
presented. In Sec. 5 we describe the numerical setup used for simulations.
In Sec. 6 the results of this work are presented and discussed. Finally, in
Sec. 7, we conduct a qualitative analysis of the numerical performance of the
MG-HLBM and we discuss some basic implementation aspects, while in Sec.
8 we summarize the key points of the work in the conclusions.
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2. Problem statement

We consider the unsteady flow generated by a thin, rigid lamina under-
going transverse harmonic oscillations in a viscous, incompressible, quiescent
fluid. The lamina is assumed to be infinitely long, such that the analysis
is conducted within a two-dimensional framework. The cross-section of the
lamina is a rectangle with length L and thickness T, with an aspect ratio T/L
equal to 1/100. At each time t the vertical position of the lamina is given
by a sinusoidal function y(t) = Asin(ωt), where A denotes the oscillation
amplitude and ω is the radian frequency.
The specific problem of interest is governed by two parameters, that are
the non-dimensional amplitude of oscillation ε = A/L and the frequency
parameter β = ρωL2/(2πµ), respectively [33, 21, 41]. In particular, the non-
dimensional amplitude of oscillation is directly related to the KC number as
κ = 2πε.
The Reynolds number based on the length of the lamina L and the maximum
value of the lamina velocity, Vmax = Aω, can be expressed as a function of ε
and β, as follows: Re = 2πβε.
In this work, we perform numerical simulations in the range of oscillatory
Reynolds numbers Re = 2.5− 94.2, by considering the following parameters
values: ε = [0.02, 0.03, 0.04, 0.05, 0.075, 0.1] and β = [20, 50, 100, 150,
200, 250, 300]. In this regime, effects of fluid inertia are not negligible, and
vorticity generated by the moving boundary leads to nonlinear inertial and
damping effects [22, 21]. In particular, the set of control parameters (β,ε)
chosen for each simulation satisfies the following approximate correlation,
provided by Aureli et al. [23]:

β < 2.6ε−1.6. (1)

Relation (1) represents a reference boundary within which the force exerted
by the fluid on the lamina is expected to be a purely harmonic time function.

2.1. Hydrodynamic function extraction
For a cantilever beam moving in a viscous fluid under harmonic base

excitation, the hydrodynamic load per unit length due to the motion of the
fluid around the beam can be expressed, in the frequency domain, as [20]:

F̂ (ω) = F0e
iφ = π

4ρω
2L2Θ(β, ε)A (2)
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where the superimposed hat denotes a phasor quantity, and F0 and φ rep-
resent the force amplitude and the phase shift between the force and the
displacement of an harmonic response, respectively. In equation (2), Θ(β, ε)
indicates a complex hydrodynamic function. By following [21, 23], such a
quantity can be expressed as the sum of two contributions:

Θ(β, ε) = Γ(β) + ∆(β, ε). (3)

The term Γ(β) corresponds to the complex hydrodynamic function proposed
in [20] for infinitely small amplitude oscillations, while ∆(β, ε) is the correc-
tion term for finite amplitude oscillations. For the range of control parameters
β and ε considered in this work, the following semianalytical formulations
have been proven to well approximate the hydrodynamic function [23]:

Γ(β) = 1.02 + 2.45β−1/2 − i2.49β−1/2 (4)

∆(β, ε) = −i0.879β3/4ε2 (5)

where i is the imaginary unit.
To extract the hydrodynamic function components, for each simulation, that
is, for each set of control parameters, we assume that the force response is
purely harmonic. Therefore, in the same fashion of [23, 33], a single harmonic
sine model of the form F (t) = F0 sin(ωt+φ) is used for the least square fitting
of the force time history. After discarding the first cycle of oscillation, we
consider three cycles of oscillations to identify the values of F0 and φ, while
the radian frequency ω is provided in the fitting model as an input. From
these two quantities we then compute the real and the imaginary parts of
Θ(β, ε).

3. Hybrid lattice Boltzmann method

The moving grid approach proposed in this work is based on a lattice
Boltzmann method applied to hybrid structured and unstructured grids re-
cently proposed by the authors (HLBM) [39]. For clarity of exposition, in
this section the key points of such a method are recalled.
The HLBM combines the standard single-time relaxation lattice Boltzmann
scheme with an unstructured finite-volume lattice Boltzmann formulation
[42, 43, 44, 45, 46].
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The standard scheme is applied on a uniformly spaced lattice domain while
the finite-volume approach is solved on a unstructured mesh of triangular
elements. The two mesh components overlap to each other, entirely covering
the computational domain.
As far as the standard lattice Boltzmann method is concerned, this is based
on the following equation:

fi (x + ci∆ts, t+ ∆ts)− fi (x, t) = −∆ts
τs

[fi (x, t)− f eqi (x, t)] , (6)

where τs and ∆ts are the relaxation time and the time step, respectively,
related to the ’structured’ scheme. In equation 6, fi(x, t) is the distribution
function, representing the probability of finding a fluid particle at position
x and time t that is moving along the i-th lattice direction with a discrete
speed ci. The equilibrium distribution functions f eqi (x, t) are given by the
following expression:

f eqi (x, t) = wiρ (x, t)
{

1 + ci · u (x, t)
c2
s

+ [ci · u (x, t)]2

2c4
s

− [u (x, t)]2

2c2
s

}
(7)

where cs is the lattice speed of sound, the parameters wi are a set of weights
normalized to unity, and ρ (x, t) and u (x, t) are the fluid density and veloc-
ity, respectively, which are given by the first two moments of the distribution
function. It can be proven that, for an ideal incompressible fluid flow, equa-
tion 6 reproduces the Navier-Stokes equations, when pressure is p = ρc2

s and
kinematic viscosity is ν = c2

s(τs − ∆ts
2 ).

The finite-volume lattice Boltzmann method is a cell-vertex type scheme
which is expressed by the following equation, for each node P of the mesh:

fi(P, t+ ∆tu) =fi(P, t) + ∆tu
K′∑
k=0

Sikfi(Pk, t)+

− ∆tu
τu

K′∑
k=0

Cik[fi(Pk, t)− f eqi (Pk, t)],
(8)

where τu and ∆tu are the relaxation time and the time step, respectively, re-
lated to the ’unstructured’ scheme [42, 43]. In equation 8 k = 0 denotes the
pivotal node P and the summations run over the nodes Pk connected to P .
The quantities Sik and Cik represent the streaming and collisional matrices
of the i-th population related to the k-th node, respectively. The equilibrium
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distribution functions are defined by equation (7). For the unstructured lat-
tice Boltzmann method the theoretical kinematic viscosity is ν = c2

sτu [43].
The value of the lattice speed of sound, cs, is the same in both the un-
structured and the standard approaches. In this work, the D2Q9 model is
employed, therefore cs = 1/

√
3.

At each time interval, the streaming-collision process described by equation
6 is performed on the structured nodes, while equation 8 is solved on the
unstructured mesh n times, being ∆ts = n∆tu. The exchange of informa-
tion between the two mesh components, in terms of distribution functions,
takes place at defined interpolation nodes, by applying the following set of
equations:

f̃ s
i = f eq,ui + 2 (τs −∆ts)

2τs −∆ts
fneq,ui (9)

f̃u
i = f eq,si +

(
1− ∆ts

2τs

)
fneq,si + ∆tu

K′∑
k=0

Sik [f eq,?ik + fneq,?ik ]− ∆tu
τu

K′∑
k=0

Cikf
neq,?
ik

(10)
where superscripts s and u refer to the ’structured’ and the ’unstructured’
nodes, respectively, and fneqi is the non-equilibrium distribution function.
The quantities f eq,?ik and fneq,?ik in the summation terms of equation (10) are
defined as follows:

f eq,?ik = f eq,sik , fneq,?ik =
(

1− ∆ts
2τs

)
fneq,sik (11)

or
f eq,?ik = f eq,uik , fneq,?ik = fneq,uik (12)

depending on whether the k-th node is an interpolation node or not, respec-
tively. The distribution functions f eq,ui and fneq,ui of the right-hand side of
equation (9) and f eq,si and fneq,si of the right-hand side of equation (10) are
evaluated by interpolation procedure.
Equations (9) and (10) represent the post-collision step for the interpolation
nodes of structured and unstructured mesh, respectively. Such relations are
obtained by imposing consistency of viscosity in the flow field and continuity
of velocity, density and stresses across the interface.
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4. Refill procedure

In the numerical approach proposed in this work, the unstructured mesh
surrounding the lamina is enabled to move within the structured fixed do-
main. At each time interval the hybrid method is applied and the flow field
is computed all over the overlapping grid system. To accomplish this aim,
we propose a refill procedure for the unstructured lattice sites, which is per-
formed at the beginning of each time interval. Such a procedure is based on
the attribution of both macroscopic quantities and distribution functions to
the relocated unstructured nodes.
Figure 1 illustrates a generic overlapping grid system at different times. In
order to describe the procedure, we first recall the functional definition for
the nodal points of each grid. According to the nomenclature adopted in
[39], nodes are classified as discretization, interpolation and unused. As far
as the unstructured mesh is concerned, all the boundary nodes are con-
sidered as interpolation nodes when this boundary represents an interface
with the structured mesh (gray-filled nodes in Figure 1). All of the interior
unstructured nodes are considered as discretization nodes. Regarding the
structured mesh, a fictitious curve, which is defined within the unstructured
grid boundaries, separates the discretization nodes from the unused ones.
Among the structured unused nodes, those with at least one discretization
node as neighbor, in any of the allowed lattice directions, are redefined as
interpolation nodes (dark gray-filled nodes in Figure 1).
Let’s then consider the unstructured mesh at a given time t. After one time
step ∆ts, the unstructured nodes are relocated in a new position. Since the
motion of the lamina is purely translational, all nodes move with same ve-
locity along the vertical direction. Therefore, unstructured nodes at time
t+ ∆ts are classified as type 1, type 2 or type 3 depending on their location
with respect to the mesh configuration at time t. In particular, type 1 refers
to those nodes which are out of the unstructured grid at level time t and
whose corresponding position is located within the physical computational
domain, namely in the interior of a structured element defined by four com-
puted nodes. Type 2 is attributed to each node lying out of the unstructured
grid at level time t and whose corresponding position is located inside the
body, where no computation is performed. The nodes in the new configura-
tion whose corresponding position at level time t lies inside the unstructured
grid is considered as type 3. We remark that unstructured nodes defining the
solid-wall of the body are not considered in such a classification.
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(3)

(2)

(1)

configuration at time t configuration at time t+∆ts

Figure 1: Schematic representation of a symmetric portion of the mesh configuration at
two different time levels: t (left) and t + ∆ts (right). Dashed line is the fictitious line
which is drawn in order to define the structured interpolation nodes. Gray-filled nodes
and dark gray-filled nodes represent the interpolation points for the unstructured and the
structured grid, respectively. The functional classification for the unstructured nodes is
represented: type 1, (1); type 2, (2); type 3, (3).

To ensure consistency of the fluid flow, each type of unstructured node is
initialized, in the new position x + ∆x, at the beginning of each structured
time step, according to a specific rule.
For nodes of type 1, values of non-equilibrium distribution functions fneq,ui

are computed by means of the following equation:

fneq,ui =
(

1− ∆ts
2τs

)
fneq,si . (13)

where the non-equilibrium distribution functions fneq,si are evaluated via a
bilinear Lagrange interpolation performed over the four donor nodes consti-
tuting the structured element which encloses the unstructured node under
consideration. The structured donor nodes are indeed interpolation or dis-
cretized nodes, thus their contributions are known. Moreover, the macro-
scopic variables are computed by applying the same interpolation scheme,
thus allowing the reconstruction of the equilibrium distribution functions.
As far as unstructured nodes of type 2 are concerned, at the beginning of each
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structured time step we set the same macroscopic variables and distribution
functions determined for the same nodes in the previous mesh configuration.
This approximation is valid as the maximum value for the velocity of the
lamina is much smaller than a lattice unit (in this case is of the order of 0.01
in lattice units).
For nodes of type 3, velocity components, density and distribution functions
fu
i are evaluated via barycentric interpolation by considering the three ver-
texes of the triangular element in the previous mesh configuration enclosing
the same node at new position. Once macroscopic variables are computed,
it is then possible to determine also the equilibrium distribution functions.
Regarding unstructured nodes defining the solid-wall of the body, we set the
velocity as a boundary condition and we impose the same density and the
same distribution functions fu

i of the same node in previous mesh configura-
tion.
In addition, a dynamic redefinition of the structured interpolation nodes is
performed at each time iteration. In fact, the fictitious line designed to iden-
tify such nodes moves jointly with the unstructured grid. Therefore, for each
structured interpolation node overcome by the moving fictitious line, a new
one must be defined.
In order to test the refill procedure, several unstructured meshes involving
all of the three described types of node have been considered. However, we
emphasize that the refinement level of the unstructured meshes employed
for simulating the fluid flow problem under consideration is such that the
minimum distance between two nodes is greater than the distance covered
by any node within one time interval. Therefore, in practice, nodes of type 2
are never defined in this particular case.

5. Numerical setup

The computational domain is constituted by a square region inside which
the lamina is defined. No-slip wall boundary conditions are imposed at the
lateral sides of the domain, while on top and bottom boundaries we set
outflow conditions.
In order to ensure an adequate representation of the flow field, we conduct a
sensitivity analysis to select the computational domain size. Specifically, for
a fixed pair of the parameters (β,ε), the following square domain sizes are
tested: (1.5×1.5)L2, (3×3)L2, (4×4)L2, (5×5)L2 and (10×10)L2. The length
of the lamina is kept to a constant value. Figure 2 shows the time history of
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the resultant (non-dimensional) force exerted by the fluid on the lamina.

0 4000 8000 12000 16000-4

-2

0

2

4

Time-step

Fo
rc
e
[l.
u.
]

(1.5× 1.5)L2 (3× 3)L2 (4× 4)L2

(5× 5)L2 (10× 10)L2

Figure 2: Hydrodynamic force time history for selected domain sizes: a) (1.5×1.5)L2,
black dashed line; b) (3×3)L2, blue dotted line; c) (4×4)L2, violet dash dotted line; d)
(5×5)L2, red solid line; e) (10×10)L2, orange densely dotted line.

Although the numerical discrepancies observed by inspecting Figure 2
are small, the results, in terms of hydrodynamic function components vary
significantly among the cases. In Table 1 we report the percentage error
related to the case of domain size equal to (5×5)L2. The convergence study
shows that the differences between the cases (5×5)L2 and (10×10)L2 can be
considered negligible. Therefore, we select a final domain with size (5×5)L2.
In order to further limit the computational cost, the structured domain is
subdivided in four refinement levels. The length of the lamina is fixed at 800
lattice units for all the simulations, while the relaxation time at the finest
structured level is varied between 0.7 and 0.9. For this set of parameters, the
maximum value of the lamina speed results to be about 0.025 lattice units,
which is much below the compressibility limit.
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Domain size Err % Re[Θ(β, ε)] Err % −Im[Θ(β, ε)]
(1.5×1.5)L2 5.53 53.24
(3×3)L2 3.71 6.94
(4×4)L2 1.58 1.53
(5×5)L2 0.00 0.00
(10×10)L2 0.35 0.39

Table 1: Effect of the domain size: relative error for real and imaginary part of the hydro-
dynamic function for simulation at β = 100 and ε = 0.1. The relative error represents the
deviation, in percent, from the values determined with the domain size equal to (5×5)L2.

6. Results and discussion

In Figure 3 we report the numerical findings for the real and the imaginary
components of the hydrodynamic function, in comparison with the semyana-
litical expression (equation 3), with results obtained by Falcucci et al. [33]
via standard LB approach, and with those from De Rosis and Lévêque [36] ,
which use a combined IB-LBM. The results are here reported as a function
of the frequency parameter β.
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Figure 3: Real part Re[Θ(β, ε)] (gray) and imaginary part −Im[Θ(β, ε)] (black) of the
complex hydrodynamic function. The results determined via MG-HLBM (circles) are
compared with the semianalytical formula 3 provided by Aureli et al. [23] (lines), results
from De Rosis and Lévêque [36] (triangles, panels (d),(e),(f)), and the numerical findings
from Falcucci et al. [33] (squares, panels (a),(d),(e),(f)). (a): ε = 0.02; (b): ε = 0.03; (c):
ε = 0.04; (d): ε = 0.05; (e): ε = 0.075; (f): ε = 0.1.

Overall, the results well predict the expected trends for both real and
imaginary parts, capturing the added mass and hydrodynamic damping ef-
fects exerted by the fluid on the lamina in the range of control parameters
considered. In particular, the real part Re[Θ(β, ε)] is nearly constant with the
variations of parameter ε, while the imaginary part −Im[Θ(β, ε)] increases
whit ε for each fixed value of β, as suggested by the reference literature [23].
Our results are in line with those from the semianalytical expression and
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with results from [36]. We observe that the general dependence of viscous
damping and added mass on the control parameters is properly estimated
by the present MG-HLBM. On the other hand, Figure 3 show significant
differences between the MG-HLBM results and those obtained via standard
LBM, which appear to be overestimated. In spite of an increasing of the level
of complexity introduced by the presence of the unstructured grid, the MG-
HLBM results to be more accurate than the standard LBM in the prediction
of the hydrodynamic load for the case under consideration. A crucial aspect
is represented by the direct computation of the forces at the real boundary
of the solid body, which is not allowed in the standard LBM. Also, the pres-
ence of an unstructured grid allows an high and flexible level of refinement in
proximity of the solid body, thus leading to a reduction of the computational
cost with respect to the case of uniform grid, as demonstrated in [39, 40].
For a further qualitative comparison between MG-HLBM and literature re-
sults, we report a complete overview of experimental and numerical findings
in aggregated form in Figures 4 and 5, for a broad range of control param-
eters. The real and the imaginary parts of the hydrodynamic function are
reported as functions of the non-dimensional amplitude of oscillation ε.
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Figure 4: Aggregated results for the real part Re[Θ(β, ε)] of the complex hydrodynamic
function (color online). Black circles: present study; gray pentagons: [23]; magenta stars:
[33]; red squared: [21]; blue asterisks: [22]; orange triangles: [36]; violet diamonds: [47];
green crosshairs: [24]; brown crosses: [48, 49]
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Figure 5: Aggregated results for the imaginary part −Im[Θ(β, ε)] of the complex hydrody-
namic function (color online). Black circles: present study; gray pentagons: [23]; magenta
stars: [33]; red squared: [21]; blue asterisks: [22]; orange triangles: [36]; violet diamonds:
[47]; green crosshairs: [24]; brown crosses: [48, 49].

We observe a good agreement with the considered literature, with the
results obtained by the proposed method overlapping those available from
previous works. In fact, the values for both components of the hydrodynamic
function cast within similar ranges of those obtained by other numerical
and experimental methods. In particular, our results suggest that variations
of added mass effects are negligible for different values of the amplitude of
oscillations. This is in contrast with findings obtained via standard LBM [33].
Moreover, consistently with the results reported in the scientific literature,
the dependence of the imaginary part on β tends to reduce as ε is increased.
Finally, in Figure 6 we present the evolution of velocity and pressure fields,
respectively, for a representative case of the fluid dynamic problem under
analysis (β = 100, ε = 0.1). The fields are represented in lattice units.
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(a) (b) (c)

(d) (e) (f)

Figure 6: Detail of instantaneous velocity (a-c) and pressure (d-f) fields for β = 100 and
ε = 0.1 at three different time instants. Only one symmetric half of the lamina is shown.
Velocity and pressure are expressed in lattice units.

The displayed frames in Figure 6 refer to three consecutive time instants,
respectively. Overall, both velocity and pressure fields are qualitatively and
quantitatively comparable with those presented in other flow visualization
reported in literature. In particular, we note that the highest values of ve-
locity are concentrated in proximity of the lamina tips with regions of null
velocity occurring at the opposite side of the lamina (Figures 6, frame (b)).
Such structures indicate the formation of vortex shedding phenomena. This
is consistent with what observed in [23]. As far as the pressure field is con-
cerned, we notice the presence of concentrated regions of relatively low pres-
sure at lamina edges (Figures 6, frame (d)). This is also noted in other works
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[23, 33, 9]. Similar scenarios are observed for other sets of control parameters
β and ε within the ranges analyzed.

7. Numerical performance and implementation aspects

In this section, we analyze the numerical performance of the moving grid
approach for the hybrid lattice Boltzmann method and, finally, we discuss
some implementation aspects.
To asses the numerical efficiency of the MG-HLBM, we evaluate the com-
putational cost required by the proposed method in comparison with the
standard LBM. To this aim, we consider the simplified case of an hybrid
mesh composed by the overlapping of a uniformly spaced structured region,
which covers the entire computational domain, with the same unstructured
mesh previously used in this study. In other words, we do not consider local
refinements for the structured mesh. In such a scenario and for the case of
static unstructured mesh, we can apply the following equation, introduced
in [39], to quantify the differences, in terms of computational cost, between
hybrid and standard LB approaches:

G = Th

Teq
= 1 + χs′n

g
. (14)

In equation 14, G is the speedup (gain) indicator, which is defined as the
ratio of the wall-clock time per algorithm iteration associated to the hybrid
method (Th) over the wall-clock time per algorithm iteration with reference
to an equivalent LBM implementation on uniform spaced mesh (Teq), namely
a standard LBM with similar resolution around the solid body. A value of
G less than 1 indicates that, by definition, the computational cost of the hy-
brid method is lower than that of standard LBM, when a similar resolution
around the body is considered. The speedup indicator G depends on four
parameters which are, respectively: the amount of unstructured nodes with
respect to the number of structured ones (χ), the ratio between the number
of structured nodes which would be required by an equivalent LBM and the
number of structured nodes actually used within the hybrid mesh (g), the
ratio of the standard LBM processing speed to the specific processing speed
associated to the unstructured method (s′), and the number of sub-iterations
required by the unstructured method (n). For the present case, the percent-
age number of unstructured nodes χ is equal to 0.244%. The value of χ refers
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to the specific mesh under consideration. However, such a value is represen-
tative of a typical unstructured mesh required by the hybrid method and
it is in line with those reported also in [39, 40]. In fact, we stress that the
hybrid method requires only a small portion of the computational domain
to be covered by the unstructured mesh, namely the region around the solid
body. This represents one of the key elements of the proposed MG-HLBM.
Further, n is set to 50. We emphasize here that the hybrid mesh adopted in
this work has been designed on the basis of either a sensitivity analysis, as
presented in Sec. 5, and a stability analysis. As far as stability aspects are
concerned, we recall that, due to the explicit time integration, both the stan-
dard LB and the unstructured method must satisfy the following condition:
∆t < 2τ . While such a condition is always verified for the standard scheme,
this is not necessarily the case for the unstructured one. This represents a
clear limitation for the present hybrid method since it constrains, eventually,
the value of n, namely the number of sub-iterations required by the unstruc-
tured method in order to synchronize the solution. The parameter s′ was
evaluated to be roughly equal to 4. Such an average value was obtained by
actually measuring the code computational performance for several unstruc-
tured meshes. In addition, the number of nodes required by the equivalent
standard LBM to have a similar resolution around the lamina is such that
g ' 1.78. With this set of parameters, we find G ' 0.84. This result indi-
cates that, at each time-step, the hybrid method provides a gain in efficiency
with respect to the standard LBM, when a similar resolution around the solid
body is considered. Notwithstanding a relatively low speedup, we empha-
size that the code developed in this work still requires further optimization.
Therefore, the value of G obtained for the specific case under analysis should
be considered as an illustrative example.
To complete the assessment of the MG-HLBM numerical performance we
must include in the analysis the additional computational cost required by
the mesh-motion and refill routine. In particular, such a routine is per-
formed, at each time-step, by means of three sequential steps, that are: 1)
motion of the unstructured mesh, 2) re-classification of interpolation nodes
and donor elements, on structured and unstructured mesh, respectively, 3)
refill procedure. Despite this routine being laborious for the general case of
arbitrary/induced motion of the unstructured mesh, its computational real-
ization becomes particularly efficient when the motion of the unstructured
mesh is imposed, such as in the present case, since it is known a-priori the
location of the unstructured nodes at each time-step. Another important
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aspect is related to the number of unstructured nodes. As observed also in
[39, 40], the number of unstructured nodes required by the hybrid method
is significantly lower than the number of structured nodes used within the
whole computational domain. For instance, in the present case, the number
of unstructured nodes is less than 1% of the total number of structured nodes.
This implies that, the interpolations needed to be performed within the refill
procedure involve only a relatively low amount of computer operations. In
order to quantify the influence, in terms of computational performance, of
the mesh-motion and refill procedure, we measured the computational time
associated with such a routine. As a result, we found out that its processing
speed is about two times higher than the processing speed associated to the
unstructured method. Therefore, we can take into account of this additional
computational cost by considering a modified number of unstructured sub-
iterations n′ in equation 14, such that: n′ = n + 0.5. The overall computed
value of the speedup indicator results then to be fairly the same of the one
computed for the static case (G ' 0.84). This is due to the fact that, the
hybrid method, requires the unstructured routine to be sub-iterated several
times within the same time-step. On the other hand, the moving grid rou-
tine is performed only one single time at the end of each time-step. For this
reason, its computational cost results to be roughly two order of magnitude
lower than the overall computational cost related to the unstructured rou-
tine. As a result, we can consider the computational time associated with
the moving grid routine to be negligible with respect to the total. In con-
clusion, in spite of a more complex algorithm, we observe that the numerical
efficiency of the present MG-HLBM is, in general, comparable or even higher
than the one associated to other approaches for moving objects based on
standard LBM.

8. Conclusion

In this work, we extend the HLBM toward a moving grids approach and
we explore its capability through the parametric study of a thin lamina un-
dergoing transverse harmonic oscillations in a viscous quiescent fluid. The
numerical findings are in line with those presented in literature and obtained
by different numerical strategies as well as experimental approaches. The
performed analysis demonstrates that the proposed method is able to prop-
erly predict the main features of the fluid flow induced by the motion of
the lamina. In particular, we observe a significant improvement, in terms
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of accuracy, with respect to previous works performed via standard lattice
Boltzmann method on cartesian grid. The proposed method represents a vi-
able alternative also to other approaches such as the IB-LBM. In this regard,
the MG-HLBM presents some key advantage. First of all, the hybrid strategy
allows the possibility of applying an efficient local refinement. Second, the
presence of an unstructured body-fitted mesh allows the direct evaluation of
the forces at the real boundary of the body, thus leading to accurate results
while preserving the computational efficiency of standard LBM. These fea-
tures make the MG-HLBM particularly appealing for multi-scale problems.
On the contrary, the IB-LBM is based on a substantially different concept,
therefore the choice between the use of this or the present method should
be based, in general, on the peculiarity of the problem under analysis. Also,
the MG-HLBM and, in general, the hybrid method, can be regarded as a
complex boundary condition for solid walls, which can be extended to de-
formable objects. This can be the subject of future works. These aspects are
instrumental when dealing with fluid-structure interaction problems, involv-
ing complex geometries.
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